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ABSTRACT 
Optimization of building thermal control is possible 
through the application of Model Predictive Control 
(MPC), which calculates the optimal command from 
the minimization of a cost function. However, the use 
of the classical cost function has several downsides 
when it is used for thermal control. Therefore, in this 
paper it is proposed a new cost function for MPC. By 
using the proposed function, the controller assures 
thermal comfort in the building with minimal energy 
consumption. This controller is tested for an intermit-
tently heated residential building, but it also can be 
used for office buildings. 

INTRODUCTION 
The utilization of the controllers in building simula-
tion is very important. If they are not included in the 
simulation, one may obtain wrong results for cases 
like discontinuously heated buildings. Here, the en-
countered problems are non-physical evolutions of 
the indoor temperature, different thermal peak loads 
for different simulation sampling times and wrong 
energy performance assessments. On the other hand, 
the use of optimal controllers in the simulation al-
lows us to evaluate the potential for energy savings 
of existing buildings and optimally design HVAC 
systems and parts of the building. Therefore, in this 
paper we have designed an optimal controller for 
building heating, which is aimed to be used for build-
ing simulation. This controller assures thermal com-
fort while consuming less possible energy. It is tested 
for a residential intermittently heated building. 

THE CHOICE OF AN OPTIMAL 
THERMAL CONTROLLER 
Model Predictive Control – the most adapted solu-
tion 
In order to maintain a set-point temperature, today 
we use relays or thermostatic valves on radiators, 
TVR, (Peeters et al., 2008). They vary the inlet water 
flow rate according to an on/off scenario in the case 
of thermostats or continuously in the case of TVR. 
However, these controllers do not minimize the en-
ergy consumption because they are not really de-
signed for this purpose. Therefore, today buildings 
waste large amounts of energy due to poor control 
performances. This is why we must turn towards 

other, more advanced control strategies such as opti-
mal control. 
The best performance can be achieved only when we 
understand how the system works (i.e. have its 
model) and know in advance the future requirements 
and environmental conditions (i.e. future temperature 
set-point and weather forecast). Thus, for building 
thermal control, optimal control becomes predictive 
control. 
Model Predictive Control (MPC) is a promising solu-
tion for thermal control in buildings and building en-
ergy management. Several features make it perfectly 
suitable for intermittently heated buildings. Firstly, it 
is able to use the occupancy schedule and weather 
forecasts for optimal temperature control. Secondly, 
MPC optimizes both thermal comfort and energy 
consumption. Lastly, MPC is able to handle implic-
itly the constraints and systems with Multiple-Inputs 
and Multiple-Outputs (MIMO). Theoretically, MPC 
gives the best control results (Gyalistras and 
Gwerder, 2010; Kummert et al., 1997). Experimental 
tests on real buildings also have shown that MPC re-
duces energy consumption and improves thermal 
comfort (Chen, 2001, 2002; Gruber et al., 2001; Ko-
lokotsa et al., 2009; Kummert et al., 2000; Privara et 
al., 2010). 
The basic principle of MPC can be illustrated in three 
steps, as it is shown in Figure 1. These are the opera-
tions performed between two consecutive time sam-
ples. On the top part of the figure are represented the 
system set-point and its output, and on the bottom 
part – the system command. 
Let consider that we have an arbitrary set-point, 
whose future evolution is known in advance. Sup-
pose that at a time step tk the system is in the state 
x(tk), which does not correspond to the desired set-
point value. The first operation performed by MPC is 
the calculation of a command sequence, which would 
force the system output to follow the set-point as 
good as possible in the next Ny steps, by using mini-
mal command effort (Figure 1 a). This command se-
quence is obtained from the optimization of a cost 
function. The classical cost function usually used by 
MPC has the following mathematical formulation: 
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Figure 1. MPC control principle 

 

Here, the variables ysp and ! are the future set-point 
and the estimation of the future output, and "u is the 
variation of the command between two time samples. 
In building thermal control the output is always the 
indoor temperature and the command is the heat flux 
or the radiator inlet water temperature. The parame-
ters N1 and Ny are the minimum and the maximum 
prediction horizon, and Nu is the control horizon. # 
and $ are weighing factors for process error and 
command effort, respectively. The future output ! is 
estimated using the system model and, if available, 
future disturbances. 
In the next step, MPC applies to the system the first 
value of the computed command sequence. Ideally, 
the system output should evolve exactly as it was 
predicted by the system model, at the previous step. 
However, in the presence of the disturbances and ap-
proximations in the system model, very often there 
will be a mismatch between the predicted output and 
the real one. Thus, at the beginning of the next time 
sample tk+1, very probably there will be a “prediction 
error” (Figure 1 b). 
As the system output might differ from the previ-
ously predicted output, at time sample tk+1 MPC cal-
culates a new command sequence (Figure 1 c). Thus, 
the operations described at the first two steps are re-
peated.  
Initially, the application of MPC for thermal control 
in buildings has not received much attention from the 
scientific community, principally due to the impor-
tant computational power required to solve the opti-
mization. However, the development of the computa-
tional technology resurrected researchers’ interest for 
this technique. Thus, in the last decade many re-
searchers have studied different aspects of MPC ap-
plication for building thermal control.  

Thermal comfort demands energy; therefore there is 
always a trade-off between the comfort and the en-
ergy consumption. This trade-off is represented in the 
cost function (1) by the ratio #/$. Therefore, Kum-
mert et al. (1997, 2000), Morosan et al. (2010), Paris 
et al. (2010) have studied the influence of this ratio 
on the obtained control performances. They have 
shown that its influence is quite intuitive, and this 
may facilitate its choice.  
Usually, MPC uses the cost function from the equa-
tion (1). However, other formulations of this function 
also have been used. Freire et al. (2008) employed 
criteria based on comfort zone and PMV to penalize 
the discomfort. Kummert et al. (2000) minimized the 
integral of the command and Kolokotsa et al. (2009) 
minimized the second norm of the command to re-
duce energy consumption. 
The impact of weather prediction accuracy on the 
control performance was studied by Oldewurtel et al. 
(2010). They formulated a stochastic MPC which can 
handle the nondeterministic character of the weather. 
One of the most sought after performances in thermal 
control of intermittently occupied buildings is the 
controller ability to restart the heating in advance in 
order to recover the indoor temperature from backup 
just before the occupation period. As MPC is a pre-
dictive strategy, it must be able to do this. However, 
by using the cost function (1), thermal comfort is 
compromised at the beginning and at the end of the 
occupied periods. Therefore, in order to avoid this 
situation one needs to redefine the set-point 
(Camacho and Bordons, 1999) or to adopt a variable 
weighting factor (#) of the comfort criterion in the 
cost function (1) (Ghiaus and Hazyuk, 2010; Mo-
rosan et al., 2010). 
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MPC drawbacks for intermittently occupied 
buildings 
Regardless either we are at work or at home, the 
comfort must not be sacrificed in detriment of energy 
savings. Actually, people waste more energy if the 
control system does not assure thermal comfort; 
when it is too hot they open the windows instead of 
lowering the temperature set-point or use non-
controlled backup heating sources when it is repeat-
edly cold. According to the trade-off principle used 
in MPC, the controller tries to make a compromise 
between the comfort and energy consumption. Thus, 
if, for instance, energy saving is preferenced, we may 
have periods for which the comfort is not assured. 
Thus, the trade-off principle is not the best choice for 
intermittently occupied buildings. 
The first part of the cost function (1) penalizes the 
system output error. This forces the output of the sys-
tem to follow, as good as possible, its set-point. Al-
though this is a performance required by most control 
systems, it is not the case in building thermal control. 
European thermal regulations (EN ISO 7730) and 
ASHRAE standard 55 (ASHRAE, 2004) define a 
comfortable ambiance as a comfort zone instead of a 
particular thermal environment. This zone corre-
sponds to 80% of occupants’ acceptability, i.e. 20% 
PPD, or, (-0.5 +0.5) range of PMV. Thus, by forcing 
the indoor temperature to follow a particular set-point 
instead of leaving it in the acceptable temperature 
range may lead to unnecessary energy consumption.  
The second part of the cost function (1) penalizes the 
command increments between two consecutive time 
samples. By minimizing this criterion one can get 
smoother control signals. However, this formulation 
does not represent thermal energy so by minimizing 
this criterion we do not minimize energy consump-
tion. 
These three drawbacks make the cost function (1) 
non-adapted for thermal control in buildings. There-
fore, in order to overcome all these problems, in this 
paper we suggest a new cost function for MPC. 

An adapted cost function for building heating 
Our literature survey has shown that only several pa-
pers reported that the second term of the cost func-
tion (1) does not minimize the energy consumption in 
thermal systems (Chen, 2001; Kummert et al., 2000; 
Morosan et al., 2010). These authors have proposed 
new cost functions, formulated as a weighted sum of 
a discomfort and an energetic criterion. The discom-
fort criterion is based on PPD (Kummert et al., 2000) 
or the absolute output error (Morosan et al., 2010) 
and the energetic criterion is defined by:  
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The relation (2) is a correct representation of the 
thermal energy. By minimizing it, we really mini-
mize energy consumption for building heating. 

Therefore, the new proposed cost function contains 
the relation (2) instead of the second sum from the 
classical cost function (1). 
The thermal comfort is mostly affected by the opera-
tive temperature. Therefore, we consider that during 
the heating season the comfort corresponds to a tem-
perature range. In order to assure that the indoor 
temperature will lie in that predefined temperature 
range, the new proposed cost function is subject to 
constraints on the system output. These constraints 
correspond to the minimal and maximal limits of the 
temperature range. 
A heating system adds energy to the indoor space. 
Therefore, a minimal energy strategy will always re-
sult in maintaining the indoor temperature at the 
lower limit of the comfortable temperature range. 
This permits us to impose only the lower temperature 
limit, because the upper one is bounded by the fact 
that the energy consumption is minimized: 

ykkk Niittity !1),()(ˆ min =%+&+ '  (3) 

Here %min is the temperature corresponding to the 
lower comfort limit. When imposing this constraint, 
we assume that the maximal power of the heating 
system is high enough in order to assure the minimal 
comfort temperature. 
The fact that the discomfort is implemented in the 
new cost function as a constraint and not as an opti-
mization criterion also solves the trade-off problem. 
As the new cost function does not contain two con-
tradicting criteria, there is no trade-off between them. 
Thus the minimal comfort is imposed and not negoti-
ated. 
By minimizing the energy criterion formulated in re-
lation (2), it is possible to obtain negative commands. 
As in our application the command is the heat flux 
that must be introduced into the building, a negative 
command means that the building must be cooled. 
Obviously, during the heating season nobody will 
cool the building. Moreover, the formulation from 
the relation (2) is not positive-definite so there is no 
guaranty to have a robust control law. Therefore, in 
order to turn the relation (2) in a positive-definite 
one, the following constraint is added to the new cost 
function: 

uk Niuitu !1,)(0 max =%(+(  (4) 

Here the command is bounded between a minimal 
and a maximal value. The lower bound turns the cri-
terion (2) in a positive-definite (it avoids negative 
commands). The upper bound limits the command to 
not rise beyond the maximal power of the heating 
system. 
Thus, the new proposed cost function for MPC, 
which assures the comfort with minimal energy con-
sumption, has the following mathematical formula-
tion:  
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HOW TO SOLVE MPC OPTIMIZATION 
USING LINEAR PROGRAMMING 
In the previous section it was defined a new cost 
function for MPC application in building heating 
control. The next step is to find the optimal command 
sequence, which minimizes that cost function.  
The objective function in equation (5) is linear and 
subject to linear constraints. This permits us to use 
Linear Programming (LP) to solve it. Still, a LP 
problem must be formulated in the following canoni-
cal form: 
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The new cost function (5) is not in the LP canonical 
formulation from (6) so it does not fit in the LP 
solvers. Therefore, in this section it is shown how to 
define the appropriate formulation of the cost func-
tion (5) in order to solve it using LP. 
Let the thermal model of the building, given in dis-
crete state-space representation, be as in the follow-
ing: 
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where the designation of the inputs, output and the 
states is the same as in §2 of Part I. By using the 
model (7), the future Ny output values can be esti-
mated by the following matriceal relation (Wang, 
2009): 
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where the matrices are: 
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and the vectors are: 
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The lower limit of the temperature is also defined in 
vectorial form: 
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By expressing the optimization problem from (5) in 
matriceal form and introducing relation (8) and (11) 
in (5), we obtain the optimization problem formula-
tion in LP canonical form, as in the following: 
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The vector c is a unitary vector and the matrix I is the 
identity matrix of proper size. By matching the terms 
between the formulations (6) and (12), there can be 
identified the relations for the vectors and matrices of 
the LP canonical form: 
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By supplying c, M and b, defined as in (13), to a LP 
solver, one gets the command sequence u that mini-
mizes the cost function (5). The matrices F, !1 and 
!2 are functions of model parameters, which are con-
stant. Therefore, they must be calculated only once. 
By calculating them offline, there is no need of com-
putational and time resources to do it during the con-
trol, at every time sample. 

MODEL LINEARIZATION USING 
PHYSICAL KNOWLADGE  
In the building model (7), used for problem formula-
tion (12), it was considered that the manipulated in-
put variable (the command) is the heat flux. How-
ever, the real manipulated input is the inlet water 
temperature because in our case the heating system is 
water-based. In Part I, it was found that the correla-
tion between the heat flux and the inlet water tem-
perature is nonlinear: 

( )zing h& '' "=  (14) 

where: 

( ) 2544.085.36 zinh '' "=  (15) 

The problem is that this nonlinear characteristic does 
not allow us to use LP to solve the optimization; LP 
is used only for linear cost functions under linear 
constraints. 
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The classical solution to this problem is to do a local 
linearization of the model. One picks the operating 
point of the system and linearize the model around 
that operating point. The linearized model can be 
used for a linear controller design, but only around 
the operating point where the model was linearized. 
The problem, however, is that in building thermal 
control we have an operating range of the tempera-
ture and not an operating point. The inlet water tem-
perature has typical variations of more than forty de-
grees Celsius. Consequently, a local linearized model 
of the building will not be valid for the entire operat-
ing range of the inlet water temperature. Therefore, 
in this section it is proposed a model linearization 
which is valid for the entire operating range of the 
temperature. Having such a model, we will be able to 
use LP to solve the optimization. The proposed lin-
earization consists in the use of the inversed nonlin-
ear characteristic from the relation (15) 

Model linearization 
Let us consider a system which can be modeled by a 
linear transfer function, H(s), and a static nonlinear 
function, f(u), as it is shown in Figure 2. In a block 
diagram representation, these two functions can be 
viewed separately, but it is impossible to transmit the 
command directly to the linear part without passing 
through the nonlinear one. The goal is to linearize the 
system model in order to use it for the design of a 
linear controller, which will be used on a large oper-
ating range of the system and not just around some 
operating point. 
The proposed linearization consists in the following. 
Firstly, the controller is designed considering only 
the linear part of the model, H(s), as there would not 
be any nonlinearity in the system. But, as in reality 
there is a nonlinearity sitting before the linear part, 
the command signal will deformed, thus compromis-
ing the imposed performances during the controller 
design. 
Therefore, in order to counteract this deformation, 
the command signal, u, is passed through the inverse 
function of the system nonlinearity, f(u)-1. Thus, the 
command applied to the real system, unonlin, is de-
formed such that when it passes through the system 
nonlinearity, f(u), it regains the initial form, u , cal-
culated by the controller (Figure 2). In this way, the 
inverse function of the nonlinear characteristic, intro-
duced after the controller, masks the effect of the sys-
tem nonlinearity. 
 

 
Figure 2. Static nonlinearity compensation in a con-

trol loop 
 

The same logic is used for the building heating appli-
cation. The model identified in Part I is slightly 
modified and used for the controller design. The 
modification consists in replacing the input corre-
sponding to the heat flux by the right hand of the re-
lation (14). Thus, the manipulated input has changed 
into the inlet water temperature. This manipulation 
allows us to impose constraints on the inlet water 
temperature, which, in our opinion, is more conven-
ient than imposing constraints on the heat flux. Then, 
in order to separate the linear part from the nonlinear 
one, in the model used for the controller design, total 
conductance is considered to be constant. Thus, the 
nonlinear part is the characteristic from the relation 
(15). The value of the total conductance, used in the 
linear part of the model is the one corresponding to 
%in-%z of 45 °C (Figure 3). 
For our case, the inverse function of the system static 
nonlinearity is represented in Figure 3 and is de-
scribed by the following mathematical relation: 

( ) 2544.01 02714.0)( "" = uuf  (16) 

Now, the optimal command sequence, u, calculated 
by MPC represents the temperature difference %in-%z 
because the manipulated variable of the model was 
changed. After passing the first element of the com-
mand sequence through the inverse function (16), the 
inlet water temperature is calculated by: 

zin u '' +=  (17) 

The variable change also implied changes in con-
straints on the command signal. The lower limit con-
straint is still zero, but the upper constraint must be 
calculated as: 

minmax,max '' "= inu  (18) 

where %in,max is the maximal accepted inlet water 
temperature (typically 60 °C) and %min is the lower 
limit of the comfort temperature (e.g. 16 °C). 
 

 
Figure 3. Measured, linearized and inversed charac-

teristic of the total conductance 
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Performance comparison between local and pro-
posed model linearization 
In the previous section it was proposed a solution for 
the nonlinearity problem. This solution requires, 
however, an additional effort – the identification of 
the nonlinear characteristic of the system. Thus, one 
might wonder if it is worth the effort of the identifi-
cation. Could the presence of the feed-back also han-
dle this situation? The answer is presented in the fol-
lowing, where are compared the obtained control 
results using a locally linearized building model and 
the same model but linearized with the proposed 
method. 
The obtained results are shown in Figure 4. It can be 
noticed that using the locally linearized model, for 
certain days are obtained reduced performances. This 
is because during these days the heating system has 
operated outside the operating point, which used for 
local linearization of the model. In the second case, 
using the proposed linearization, the model is valid 
on the entire operating range. Therefore, the per-
formance was optimal for all the days. 
Concerning the overall performances of MPC, it can 
be noticed that the average temperature is practically 
always above the predefined lower temperature limit. 
Nevertheless, during the daytime it remains very 
close to this limit in order not to consume more en-
ergy than necessary. This results show that MPC as-
sures the users' comfort and saves maximum energy. 

CONCLUSIONS 
In this paper it was shown how to design an optimal 
controller for building thermal control, and particu-
larly for intermittently heated buildings. For this 
goal, Model Predictive Control (MPC) has been cho-
sen as the most adapted control algorithm. MPC has 
several advantages over the other classical control 
strategies: 
1. It is able to use the occupancy schedule and 

weather forecast for optimal temperature control. 
2. It integrates comfort and energetic criteria in the 

optimization. 
 

 
Figure 4. Simulation results obtained with classical 

and proposed linearization 

 

3. It is able to handle implicitly the constraints in 
the system and to operate with Multiple-Inputs 
Multiple-Outputs systems. 

However, the classical cost function used by MPC is 
inadequately formulated for the required perform-
ances in buildings. Firstly, it does not minimize the 
energy consumption; secondly, the use of a trade-off 
between the energy savings and the discomfort is 
subjective; and lastly more energy is consumed by 
forcing the indoor temperature to follow a set-point 
despite the fact that comfort standards define a com-
fortable ambiance as a comfort zone instead of a par-
ticular thermal environment. 
Therefore, a new cost function was proposed in this 
paper. It is formulated as the integral of the absolute 
value of the command subject to constraints on the 
output and on the command. Here the minimization 
cost function is a correct representation of the ther-
mal energy. 
The trade-off problem was solved by the fact that the 
cost function does not contain two contradicting cri-
teria any more. Only the energy consumption is 
minimized, while the comfort is imposed through the 
constraints on the indoor temperature. Thus, the 
minimal comfort is not negotiated. In the same time, 
this forces the temperature to lie in the comfort range 
and not to follow a set-point.  
In this paper only building heating is treated; there-
fore, only the lower temperature bound is defined for 
the constraints. The upper bound is naturally ob-
tained by the minimal energy consumption strategy. 
In the definition of the optimization problem, the cost 
function and the constraints are linear. This allowed 
us to use Linear Programming (LP) to solve the op-
timization. Therefore, the problem was transformed 
in the canonical form of LP. 
As the building model had a nonlinear characteristic, 
it was proposed a new model linearization method. 
By using this method, we can obtain models which 
are valid on the entire operating range of the tem-
perature and not just around some operating point, 
like in classical local linearization. The proposed lin-
earization was obtained by using the inverse function 
of the nonlinear characteristic identified in part I. It 
was shown through simulations that the control per-
formances may be sometimes degraded when local 
linearized model is used. On the contrary, optimal re-
sults were always obtained if was used the model 
with the proposed linearization. 
Concerning the overall performances, MPC have as-
sured the comfort with minimal energy consumption. 
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