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Abstract

Sensors are an integral part of buildings to sense pol-
lutants, identifying extreme events and for maintain-
ing comfort. Traditionally, identification of the sensor
locations is via solution of inverse problem (compu-
tationally intensive) or using some standard thumb
rules which might not be suitable for every build-
ing. In recent years,the concepts of non-linear control
theory is integrated with fluid dynamics to develop
Perron-Frobenious(PF) operator based approaches to
design sensor placement strategies. This approach al-
leviates the shortcomings of the previous approaches.
The current paper extends the PF framework to ac-
count for uncertainty of airflow in the building to
compute more robust sensor location maps. The
developed approach is demonstrated for a IEA-2D
benchmark problem. The algorithm is easily exten-
sible to the complex buildings and can account for
various uncertainties.

Introduction

Impurity and contaminant detection sensors have be-
come an integral part of buildings HVAC systems.
The optimal placement of these sensors in the in-
door built environment is important to ensure com-
fort, health, as well as energy efficiency. The stud-
ies by (Sarigiannis, 2013) have shown that millions
of people approximately spend 90% of time indoors.
While indoor, occupants can be subjected to various
air pollutants, the exposure of these pollutants are
linked to various respiratory diseases (Tham, 2016),
cancer (Herbstman et al., 2015) , and in extreme cases
loss of life (Baur et al., 1993). The transmission of
the infectious diseases (TID) (like influenza, tuber-
culosis, smallpox, chickenpox, and SARS) has been
widely studied by various authors (Olsen et al., 2003;
Namilae et al., 2017; Wenzel, 1996; Kenyon et al.,
1996; Duong and Waldman, 2016; Li et al., 2016;
Buhr et al., 2016; Kawashima et al., 2016) to under-
stand the connection between diseases and air trans-
port. The spread of TID is also discussed in detail by
(Tham, 2016). Further,the threats of using chemical
and biological warfare (CBW) for terror and mass
destruction has also lead researchers for developing
methods and response strategies to avoid these dan-
gerous events (Stuart and Wilkening, 2005; Ostfield

et al., 2004; Demirev et al., 2005). The use of CBW
agents might not be likely, but a single attack can
be devastating. Fast detection, containment, and re-
sponse to the release of CBW agent is essential to re-
duce the casualties and execute an evacuation plan.
In a general sense, addressing the issues of TID,
CBW and IAQ problems involves performing risk as-
sessments, implementing preventive measures, recog-
nizing problem areas, identifying potential sources,
and designing evacuation strategies (Fontanini et al.,
2016). Sensor locations are an integral part for all
of these steps. Sensors also play an important role
for feedback in the control of HVAC systems. Re-
searchers have also shown that energy savings can
be improved by optimal sensor response and can also
efficiently help in maintaining IAQ of the building
(Du et al., 2015; Lu et al., 2011; Chao and Hu, 2004;
Fisk and De Almeida, 1998). Sensor placement de-
sign with the development of wireless network (Zhou
et al., 2015) has eased the process for data collec-
tion and integration with feedback systems to control
the mechanical system. Therefore, an optimal sen-
sor placement for a building is not only important
for reducing the risk of infections but also for making
buildings more energy efficient. Furthermore, prompt
response to a release of a CBW agent requires sensor
locations that minimizes the time between the release
and the detection of the threat.
To obtain the optimal location of sensors, solution
methods for sensor placement are generally classi-
fied in two categories: 1) engineering/heuristic meth-
ods; 2) optimization methods and/or inverse meth-
ods. Both these approaches have been widely studied
in the buildings community. While the former ap-
proach is fast, challenges of this approach include the
lack of a formal methodology to rationally design re-
sponse time, ensuring full/partial coverage of the in-
door environment, and challenges to generalizing the
approach for multiple rooms or zones (Liu and Zhai,
2009b) and accounting for uncertainty in the flow
field. This has resulted in the increased popularity
of the latter approach (Liu and Zhai, 2009a; Mazum-
dar and Chen, 2008; Zhang and Chen, 2007; Chen
and Wen, 2008; Zhou and Haghighat, 2009). How-
ever, most current optimization/inverse approaches
have their own challenges that preclude widespread
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usage. These challenges include the computational
complexity of solving partial differential equations, as
well as the specificity of the results to precise release
scenarios.
In this context, there has been some recent work
that seeks to integrate control theory concepts into
contaminant transport via the use of the Perron-
Frobenius (PF) operator (Rajaram et al., 2010;
Fontanini et al., 2016). The discrete form of the PF
operator, which takes the form of the Markov matrix,
has been used predict particle transport in enclosed
environment by (Chen et al., 2015a,b; Fontanini et al.,
2015, 2017). This PF operator based mathemati-
cal approach dramatically simplifies the optimization
problem by converting a flow field (which can be ei-
ther experimentally determined or computationally
modelled) into a Markov matrix.
A Markov based approach converts the problem of
solving partial differential equations to model con-
taminant transport into a problem computing sim-
ple matrix-vector products. Prior developments have
been focused on a single steady state or time-varying
flow field scenarios. However, buildings operate at
many different conditions through the year, some of
these operating conditions are more likely than oth-
ers, and the movement of people in the building can
produce added complexity to the flow physics. All
these factors affect the transport characteristics of
contaminants and hence the optimal location of a sen-
sor.
The purpose of this paper is to introduce a sensor
placement algorithm that takes into account the nat-
ural stocasticity of the indoor environment. The algo-
rithm, building upon previous work (Rajaram et al.,
2010; Fontanini et al., 2016), is extended to account
for the uncertain flow and operating conditions en-
countered in the built environment. The sensors lo-
cations are based on the expected sensing volume a
sensor can cover. The algorithm is showcased using a
flow field based on the IEA-Annex 20 (Nielsen et al.,
1990) problem with multiple possible locations of a
person in the room. The results from this extension
will provide a more robust sensor map for a building
experiencing uncertain operating conditions.

Methodology
Contaminant transport is modelled by an advection-
diffusion partial differential equations (PDE) given in
Eq.1. The scalar contaminant is propagated on the
given airflow field, U . The flow field can be generated
experimentally, as well as computationally using com-
putational fluid dynamics (CFD).

∂Φ

∂t
+∇(UΦ) +∇2(DΦ) = SΦ (1)

Where Φ is the scalar contaminant, D is the diffusion
constant and SΦ is the source term in eq.1. The ve-
locity flow field U can be steady or can be a function
of time.
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Figure 1: For the given velocity field (a)-(b)Shows the
contaminant transport using the scalar transport ad-
vection diffusion equation-1(c)-(d)Shows the discrete
PF-operator based scalar transport (Fontanini et al.,
2016)

.

PF-operator based sensor placement: Under
Deterministic Condition

The PDE shown in eq.1 can be observed as an oper-
ator transporting contaminant from time t to t + δt.
This can be considered as an operator on Φ (Vaidya
et al., 2012a; Fontanini et al., 2015, 2016). This op-
erator is called Perron Frobenius (PF) operator L(·)
eq.2.The discrete form of this operator is called the
Markov matrix.

Φt+δt = L(Φt) (2)

The Markov matrix is a square matrix (P ∈ Rn×n)
with all non-negative entries.To calculate the entries
of the Markov matrix for contaminant transport,
there are various methods suggested by (Chen et al.,
2015b; Fontanini et al., 2015, 2017). Any of the meth-
ods discussed in these work can be used for sensor
placement as long as the method captures the trans-
port characteristics of the scalar needing to be sensed.
For flexibility in choosing the sampling rate of the
sensor(s), we use the Eulerian based method devel-
oped in Fontanini et al. (2017), as the Markov time
step is not a limitation for this method like the other
methods of (Chen et al., 2015b) and (Fontanini et al.,
2015).

Once constructed the Markov matrix can be used to
propagate the scalar at discrete time instances, ti, to
reach the final simulation time tf = t + mδt. This
propagation is performed by simple matrix-vector
multiplication, eq.3.

φti+1
= φtiP + Ŝti,ti+1

i ∈ {0, . . . ,m} (3)
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Figure 2: The contaminant tracking matrix calculated
from eq.4 for 4,8 and 12 sec of an aircraft cabin Chen
et al. (2014)

The source term, Ŝti,ti+1
, includes volumetric and in-

let sources in the domain (Fontanini et al., 2017). For
the given velocity field an example demonstrating the
use of this operator is shown in Fig.1. The next step
after constructing the P matrix is to calculate the
contaminant tracking matrix Qτ .

Calculation of Contaminant Tracking Matrix

The calculation process of the volume coverage ma-
trix begins with the calculation of the contaminant
tracking matrix, Qτ Fontanini et al. (2016). Each
row of the contaminant tracking matrix encodes in-
formation about the transport history of a constant
contaminant source at one cell (i.e one row) for the
response time of the sensor. In case of steady state
flow field the contaminant tracking matrix is given by
eq.4.

Qτ = I + P + P 2 + · · ·+ Pm (4)

Since Pm(= P × P × · · · × P m times) is the mth

multistep transition matrix, the contaminant tracking
matrix builds a history as to where the contaminant
will be propagated in m Markov time-steps. Figure 2
shows a graphical example of this process.
After the contaminant tracking matrix is obtained the
sensor locations are decided in the building.

Placement of Sensors:

The release locations of the contaminant in the do-
main can be any state of the Markov matrix P .
Therefore, the sensor locations should be chosen such
that maximum number of number of states can be
observed for any given release scenario. This is dis-
cussed in detail by (Fontanini et al., 2016). The ap-
proach taken by the authors is to pose the problem

as a set cover problem of combinatorics. This essen-
tially identifies a set of locations that maximize the
coverage of states. The greedy algorithm presented
by (Chvatal, 1979) is used to find the sensor loca-
tions according to the maximum number of covered
states (Vaidya et al., 2012b).
In the simulations environment any sensor can be
placed anywhere in the domain. But in real situa-
tion there are various constraints associated with the
sensor placements. These real scenarios needs to be
accounted in the algorithm and are discussed briefly
next.

Applying Constraint & Threshold Contaminant
Tracking Matrix

Each sensor has an associated measurement accuracy
threshold. The accuracy threshold is dependent on
the quality of the sensor. The accuracy threshold
can be accounted by inspecting the column entries
of the contaminant transport matrix. The column
with the larger values represent a strong signal. The
objective of this step is to replace those entries from
the contaminant transport matrix which are below
the accuracy threshold. The threshold value is a non-
dimensional value that describes the ratio of value
detected to the source release rate Ssource,the release
time (sensing/response time) τ , εacc = µdetect

Ssourceτ
=

µdetect

µsource
. The values εacc are usually prescribed by the

sensor manufacturer. Since we have constructed a set
Qτ we can apply this thresholding on the set as eq.5.

Q∗
τ = Qτ > εacc (5)

This equation serves as an operator that converts a
matrix with real entries, Qτ , to a matrix with binary
entries, Q∗

τ . The entries in Q∗
τ that are 1 correspond

to the states that can be sensed by the sensor with
the accuracy of εacc if a sensor is located in the col-
umn in which the entry resides.
Further, not every location in a building/room are
suitable to place the sensor due to practical rea-
sons such as aesthetics, sensor installation limita-
tions, they can also not be placed in occupied zone
where occupants can affect the operation by stepping
over them.
The overview for the deterministic case can be under-
stood from the flow diagram shown in fig.3, where one
starts with the given flow field U , then constructs the
discrete transition map P . The map is propagated
till τ = mδt to construct the contaminant tracking
history Qτ which is then thresholded to generate the
Q∗
τ on which the set cover algorithm is applied.

PF-operator based sensor placement: Uncer-
tain Conditions

Up to this point we have only considered a deter-
ministic flow field inside the building. The building
in general can be subjected to various weather sce-
narios, HVAC conditions,interior arrangements and
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Figure 3: The flow chart for obtaining the sensor lo-
cations under deterministic flow field.

occupancies conditions. These changes brings uncer-
tainty in the velocity field (airflow) inside the build-
ing. Considering the sensor locations obtained by
only a single velocity field will not result in the op-
timum performance of the sensor. Therefore, it is
important to account for all the velocity realizations
that can occur to construct the sensor location map
which can perform optimally in every flow condi-
tion. In the current study we have taken different
occupancy location to demonstrate the uncertain flow
fields inside the building. Occupancy is a signifi-
cant factor affecting the flow field and the internal
loads. The flow field is effected by the thermal plume
that extends above people in the space (Salmanzadeh
et al., 2012; Zukowska et al., 2012). The internal loads
(the use of HVAC equipment, lighting, and electron-
ics in the space) are effected by the presence of people
and their usage of electronics in the space (Azar and
Menassa, 2012).
Mathematically, we can consider these uncertain ve-
locity flow field as belonging to a stochastic space Ω
which can be written as eq.6.

U(x̄, t, χ),Where, x̄ ∈ {x, y, z},
χ ∈ Ω, t ∈ [0, Tf ]

U =
{
U1, . . . , UM

}
Θ =

{
θ1, . . . , θM

} (6)

Without loss of generality, a building can have a fi-
nite set of flow realizations belonging to this stochas-
tic space U and can be expressed as a set U. Each
realization in this space has a corresponding probabil-
ity set Θ associated with it Eq.6. These probabilities
can be obtained via Bayesian analysis or by the oc-
cupancy scheduling of the building (Petzold et al.,
2005).
Now, for placing the sensors we apply the expectation
operator for each step of the deterministic flow chart
shown in fig.3. Hence, the set-cover algorithm is ap-
plied on to the expected

〈
Q∗
τ

〉(
=
∑M
i=1 θiQ̃

∗
τ,i

)
. Be-

fore calculating these expected quantities the major
challenge associated with this expectation operator
calculations is, unequal dimensions of the transition
matrices for each realization. For M set of velocity
fields a set of transition matrices can be constructed
as {P1, . . . , PM}. Since, the number of states in the
transition matrix P ∈ Rn×n is equal to the number of
cells(n) in the discretization (Fontanini et al., 2017)

(a)

Figure 4: (a)-(b) Two original Markov states real-
izations with an obstruction in the domain.(c) The
reference Markov states which are used for construct-
ing the set P̃ (d) The velocity field of obstruction case
which is mapped on to the reference state case using
mapping matrix [T ]

each P will have different dimensions. For example,
fig.4(a) which represent χ1 realization has (p × q)
number of states and fig.4(b) χ2 has (l × b) due to
the different kinds of obstructions. Therefore, the ex-
pectation operator cannot be applied directly with
such realizations.
To resolve this issue an additional step is performed
by choosing a reference Markov discretization fig.4(c)
with fixed number of states the other uncertain flow
fields U are mapped onto the reference state. An ex-
ample for a realization with an obstruction present
is shown in the fig.4(d), where we map the veloc-
ity field of the obstruction states onto the reference
states. We ensure that the cells in the obstruction
region have zero velocity as shown in fig.4(d). The

mapping results in the set Ũ = {Ũ1, . . . , ŨM} on the

reference grid and then the set P̃ = {P̃1, . . . , P̃M} is

constructed. For P̃M the contaminant tracking his-
tory is generated to construct the set of of contami-
nant tracking matrices {Qτ = Qτ,1, . . . , Qτ,M}. The
thresholding is done on Qτ similarly as the determin-

istic case eq.5 to result in Q̃∗
τ = {Q̃∗

τ,1, . . . , Q̃
∗
τ,M}.

In case of non-uniform discretized states shown in
fig.4,the step before finding the sensor location is to
calculate volumetric coverages for each flow realiza-

tion. This is achieved from the constructed Q̃∗
τ multi-

plying by V, as (Q̃∗
τ ·V). V is a diagonal matrix with

the diagonal containing the normalized cell volumes,
Vi,i = Vωi/Vtot. In case of the uniform grid the V
is equal to an identity matrix,(I). The result of this

operation can be represented as set,Q̃∗∗ Eq.7.

Q̃∗∗ = {Q̃∗
τ,i ·V}, i ∈ {1, . . . ,M} (7)

The set Q̃∗∗ will be used to find the location of

the sensors in an expectation sense. The set Q̃∗∗

shown in eq.7 is applied with Lo operator which sum

over the all columns (:, j) of each Q̃∗∗
i . The re-

sult of this operations generate another a set eq.8
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Figure 5: The flow chart of the sensor placement al-
gorithm to account for the uncertain flow fields inside
the buildings.

V = {v̄1, . . . , v̄M}, v̄M , where each element vector
(v̄) is of size n×1 with, n being the number of states/-
cells in the domain.

V = Lo
{
Q̃∗∗

}
i = 1, . . . ,M

Lo =
∑
(:,j)

(Q̃∗∗)i
(8)

Now, the expectation coverage is evaluated by as-
sociating with each v̄M by there associated probabil-
ities θM . The expected E[V̄] is obtained using eq.9a.
The location of the first sensor is decided by find-
ing the index where expected E[V] is maximum using
eq.9b. To find the next sensor, the information of the
first sensor is removed from consideration. This is
done by making corresponding k̄(·) to zero for each

(Q̃∗∗)i and Eq.8-9b are repeated till all the sensors
are placed in the domain.

E[V] =

M∑
i=1

Θiv̄i (9a)

k̄(1) = max(E[V̄]) (9b)

The overview of the complete expectation based
algorithm is explained in the flow chart shown in
fig-5. The given set of velocity fields and associ-
ated probabilities are mapped onto the reference
Markov states. The mapped fields are then used to
construct the transitions maps of each case. The
maps are then used to construct the contaminant
tracking history for each realization for a fixed time
horizon(τ). In the next step the operational scenarios
are accounted in the problem by applying sensor
accuracy thresholding and constraints. In case of a
non-uniform discretization each state is weighted by
its volume. In the next step,the column supports for
each element in the set is computed to result in a
vector V. The expectation operator is applied onto
this vector space with the associated probability
and then the sensor locations calculated by finding
the index of the maximum entry in the expected
vector. In the next sections the results obtained af-
ter applying this algorithm will be discussed in detail.

Re =5000

Tinlet= 293[K]

Figure 6: The boundary conditions used for four cases
are shown, where the dashed line represents different
locations of the person in the room.

Results and Discussion

The section presents the sensor placement results for
the IEA-2D (Nielsen et al., 1990) building which is
widely used by the community for benchmarking. To
account for uncertain flow fields in the building four
different obstruction in the room are considered (with
a heated wall see fig.6). A Reynolds number of 5000
is used with RNG-K-ε for all the cases. The inlet
temperature is set as 293 K and the obstruction rep-
resenting a person is set as heat source generating
70 W/m2. The heated wall in all the case is main-
tained at 100 W/m2 while the other boundaries have
the adiabatic boundary conditions. The velocity flow
fields were computed for the four cases using the finite
volume based open source code OpenFOAM (Jasak
et al., 2007). Figure-7 shows the flow field for all
the realizations. The simulations were run for a con-
vergence tolerance of 10−5 and a rigorous validation
of solvers were carried for non-isothermal cases by
comparing experiments and numerical results. The
generated flow fields were then used by the Markov
matrix generation frame work to generate the con-
taminant transition map for each case. The transition
maps were then validated to ascertain the accuracy
of scalar transport discussed in following section.

Validation of Contaminant Transport by Tran-
sition/Markov Matrix

The individual transition matrix P for each flow field
is constructed as discussed in the deterministic ap-
proach section. It is then used to transport the con-
taminant Φ. The applicability of the transition ma-
trix based method can be tested against PDE based
scalar transport. The validations are carried for the
all the transition maps generated for four realisations
considered in this study. The results are shown here
for a single case with an obstruction where the scalar
is initialized covering half of the building. Figure-
8(a)show the initialized scalar map where red repre-
sents the scalar concentration as one and blue corre-
sponds to zero. The scalar transport PDE equation is
solved for final time of 50 sec using OpenFoam solver,
and compared with the Markov approach. Figure-
8(a-b) compares the scalar concentration contours af-
ter 50 sec by PDE and Markov approach. It can be
seen that they closely match each other. The concen-
tration profiles are also plotted and compared about
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Figure 7: The flow fields U generated using CFD sim-
ulations for the obstacles at different location, notice
the large variety in the flow features.

the mid-planes of the building which is shown in fig.9.
The Markov results are represented as dots, which
closely matches the PDE based predictions with and
L2 error of about 10−4. The validations shows the
accuracy of the Markov approach and effectiveness of
the matrix-vector product based approach in predict-
ing a scalar concentrations.

No Constraint Sensor Placement

In the current paper we demonstrate the developed
algorithm for placing a sensor for a IEA-2D (Nielsen
et al., 1990) building with no-constraint on the sen-
sor placements. The response time and the number
of sensors were 80 sec and 1 respectively, with the
accuracy threshold of εacc = 0.01% as used in eq.7
and Θi = 0.25. The sensor location is obtained us-
ing the proposed algorithm. The volume coverages
are shown as contours in the fig.10, the color repre-
sents the volumes sensed by the sensor. The location
of the sensor is obtained using the expectation based
algorithm and provide the coverage of 93.69% in ex-
pected sense. It can also be seen for each cases that
the obstruction locations are not involved as the sens-
ing regions. To represent the cumulative coverage for
the study the coverages were weighted by there asso-
ciative Θi to produce the expectation coverage map
contour P which is shown in the fig.11, in the contour
the lighter color represents the overlapped volume re-
gion regions for the computed sensor location. In the
previous work of (Fontanini et al., 2016) it was shown

(a)

(b)

(c)

Initial:t= 0sec

PDE:t= 50sec

Markov:t= 50sec

Figure 8: Comparison of the scalar Φ transport using
the PDE scalar advection equation 1 and by Markov
matrix.

Figure 9: The scalar Φ concentration profiles along
the mid X and Y planes of the building.

that in the unconstrained situations with the long
time horizon the sensors are usually to be placed close
to the outlet. A similar observation is also made in
the present study. This can be explained as the con-
taminant transport is driven towards the outlet even
after been dispersed for the longer period of time (80
sec), therefore outlet location is selected by the the
algorithm.

Conclusion

The current work presents the extension of the PF-
based approach for finding the optimal sensor place-
ment under uncertain flow conditions. The uncer-
tainty of the airflow inside building is considered by
accounting occupancy of the building. The method
is demonstrated for the IEA benchmark of the 2D
building with a person at different locations in the
building. The work lays the foundation for extending
the approach to more complex 3-D problems and in-
corporating various sensors placement constraints to
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Figure 10: The individual coverages for the computed
sensor location where the color represents the cover-
age by the sensor location.

the sensor placement. The developed algorithm also
showcased an efficient way of accounting for uncertain
flow fields and computing the robust sensor location
map for the building. The stochastic approach de-
veloped in work allows the handling of various uncer-
tain scenarios which can occur inside the building. As
an extension the developed method can also be inte-
grated in designing HVAC control,evacuation strate-
gies and finding the effective sensor map for the build-
ing. As the method accounts for the sensor accuracy,
therefore an interplay between the quality of different
sensor can also be easily studied with the current ap-
proach. In future the method will be shown for more

X-Axis

Y
-
A
x
i
s

1stSensor

Figure 11: The Probabilistic coverages map of the
sensor locations obtained by combining the individ-
uals coverages according to the associated occupancy
Θ of individual cases.

complex shapes by incorporating uncertainty arising
due to different weather conditions, interior arrange-
ment and constraints on the sensor placements.
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