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Abstract

Accounting for the borefield long-term dynamic be-
havior in optimal control applications can lead to sub-
stantial savings. To that end, a borefield controller
model that covers the long-term time scale (i.e., inter-
actions between boreholes) is necessary. However, the
direct use of an analytical model may result in a com-
putational burden increase due to the high number
of required states. This paper presents a novel low-
order resistance-capacity (RC) network model that
accounts for the borefield long-term dynamic behav-
ior based on the physical information provided by its
characteristic thermal response. It is shown that the
mean square error (MSE) of the borefield outlet fluid
temperature remains below 0.015 K2 in two exam-
ple borefields using a total number of states below
15. The validation experiment revealed that atten-
tion should be paid to the short-term dynamics since
the MSE indicator captures the error of the g-function
over the full time horizon and as a consequence large
short-term dynamic errors in the fluid temperatures
are not detected.

Key Innovations

• A borefield RC network model that accounts for
the long-term effects is developed.

• The model has a low number of states compared
to the analytical model counterpart.

• The model is suited for (long-term) optimal con-
trol applications.

Practical Implications

This model facilitates the incorporation of the bore-
field long-term dynamic behavior in model-based op-
timal control applications (such as Model Predictive
Control), especially in cases where the optimization
framework requires a low number of states.

Introduction

Optimal control methodologies such as Model Pre-
dictive Control (MPC) can reduce the energy use
and mitigate greenhouse gas emissions in build-
ings (Drgoňa et al., 2020). MPC uses a mathemat-
ical model of the building envelope and the energy
system along with forecasted disturbances (weather
and occupancy) to predict the building dynamic be-

haviour and the energy system efficiencies over a pre-
diction horizon discretized in N steps. An optimiza-
tion problem finds the optimal input sequence that
minimizes a target function (energy use, CO2 emis-
sions, costs... (Cupeiro Figueroa et al., 2018)) while a
set of thermal comfort constraints are enforced. The
optimization problem is recursively solved at each
control time step. In hybrid geothermal systems,
the incorporation of a borefield model that predicts
the working fluid temperatures is an excellent asset.
In the short-term time scales, it can guarantee the
ground source heat pump (GSHP) reliability (Cu-
peiro Figueroa et al., 2019) whereas incorporating the
long-term time scales leads to a more sustainable use
of the borefield, achieving substantial savings (Cu-
peiro Figueroa et al., 2020).

However, to incorporate these long-term time scales a
borefield controller model that accounts for the inter-
seasonal effects, such as thermal interaction between
boreholes, is required to predict the working fluid
temperatures in the long-term. In general, the bore-
field thermal response evolution under a constant load
is presented by Equation 1, where Tb represents the
wall temperature of the boreholes in the field (as-
sumed to be equal for all boreholes), Ts is the ground
temperature, Q̇bf is the applied borefield load, ks
is the ground thermal conductivity, nb is the num-
ber of boreholes in the field, Hb is the height per
borehole and g(t) is the so-called g-function or bore-
field thermal response function as introduced by Es-
kilson (1987). Assuming homogeneous ground prop-
erties, this g-function can be analytically determined
using well established solutions in the state-of-the-
art such as the Infinite Line Source (ILS, Inger-
soll and Plass (1948)), the Cylindrical Line Source
(CLS, Carslaw and Jaeger (1959)) and the Finite Line
Source (FLS, Claesson and Eskilson (1988)) solutions
for a single borehole and applying spatial superposi-
tion for a borefield. Then, temporal superposition
can be applied to obtain the ground response to a
variable heat load. However, the implementation of
the borefield load shifting algorithm in optimal con-
trol can be cumbersome depending on the optimiza-
tion framework and solver continuity requirements. A
continuous formulation of the load shifting algorithm
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can be found in Cupeiro Figueroa et al. (2020, 2021).

Tb(t)− Ts =
Q̇bf

2πksnbHb
g(t) (1)

In addition, the borefield model needs to be com-
putationally tractable for the optimization, i.e. the
computational cost of adding such model is not sub-
stantially high. The number of superposition calcu-
lations is proportional to the square of the number of
time steps, The number of superposition calculations
is proportional to the square of the number of time
steps, therefore escalating the problem complexity as
it advances in time. Load aggregation schemes are
used to reduce the computational burden caused by
the increasing load history. For a comprehensive re-
view and comparison on load aggregation algorithms
we refer to Mitchell and Spitler (2019). Still, the
current load aggregation algorithms induce a large
number of aggregated loads, which are translated into
model states by the optimization problem. For exam-
ple, using the load aggregation scheme from Claesson
and Javed (2012), a number of 77 load states is re-
quired for a 25 years period and a minimum load res-
olution of 1 hour. For a 5 years period, the number
of states modestly decreases to 66. This can be a po-
tential issue if multiple-shooting or direct collocation
methods are used in the optimization, as their com-
plexity becomes cubically proportional to the number
of inputs nu AND states nx, i.e. O(N3(nu +nx)3) or
O(N(nu+nx)3) if the condensing method is used (Fri-
son and Jørgensen, 2013). Improved load aggregation
schemes tailored for optimization purposes or the con-
struction of low-order models are proposed solutions
to tackle this issue. In this paper, we focus on the lat-
ter one by developing a novel RC network model that
is calibrated using the ground physical information
and the characteristic borefield g-function.

Model structure

The structure of the proposed controller RC network
model is illustrated in Figure 1. From the borehole
wall temperature node Tb, a first set nST of short-
term states TST,i representing the short-term radial
heat diffusion in the surrounding ground is intro-
duced. Then, a set nLT of long-term states TLT,j is
proposed to capture the long-term effects of the bore-
field. The thermal resistances RST,i and capacities
CST,i of the short-term nodes can be computed from
the ground and borehole physical information using
radial heat transfer relations, whereas the thermal re-
sistances RLT,i and capacities CLT,i of the long-term
nodes are estimated using data from the analytical g-
function. The model structure focuses on the ground
dynamics given by the Tb−Ts relation in Equation 1,
but the borehole wall node Tb could be extended to
include the borehole dynamics connecting it to exist-
ing borehole controller models such as the ones from
Witte et al. (2018) or Cupeiro Figueroa et al. (2019).

A summary of the model mathematical description
can be found in Equation 2.

CST,1
dTST,1
dt

=
Tb − TST,1
RST,1

− TST,1 − TST,2
RST,2

(2a)

CST,i
dTST,i
dt

=
TST,i−1 − TST,i

RST,i
− TST,i − TST,i+1

RST,i+1

(2b)

CST,nST

dTST,nST

dt
=
TST,nST−1 − TST,nST

RST,nST

− TST,nST
− TLT,1

RST,nST+1

(2c)

CLT,1
dTLT,1
dt

=
TnST

− TLT,1
RST,nST+1

− TLT,1 − TLT,2
RLT,1

(2d)

CLT,j
dTLT,i
dt

=
TLT,j−1 − TLT,j

RLT,j−1
− TLT,j − TLT,j+1

RLT,j
(2e)

CLT,nLT

dTLT,nLT

dt
=
TLT,nLT−1 − TST,nLT

RLT,nLT−1
− TLT,nLT

− Ts
RLT,nLT

(2f)

Short-term region

The short-term region parameters are computed us-
ing the ground and borehole physical information.
Between the borehole radius rb and a predefined
boundary radius rST the space is discretized in nST
rings where at the locations rC,j thermal capacities
are placed according to Eskilson’s guidelines (Eskil-
son, 1987).

rC,i = rb + [∆rC,min,∆rC,min,∆rC,min, β∆rC,min,

β2∆rC,min, ..., β
nr∆rC,min] (3a)

∆rC,min = min(
√
αs∆tr, Hb/5) (3b)

where ∆tr is the resolution time, which is the shortest
time interval between changes in the load condition,
and β is a grid geometrical factor. The first three cell
sizes are constant, while the remaining cells are ex-
ponentially increased in size by the grid factor β. At
the boundary radius rST the first long-term capacity
CLT,1 is placed. The resistances are placed between
the capacities at location rj such that:

r1 =
rC,1 − rb

2
(4a)

ri = rC,i−1 +
rC,i − rC,i−1

2
(4b)

rnST+1 = rC,nST
+
rST − rC,nST

2
(4c)

Note that the number of resistances is nST + 1 while
the number of capacities is nST . With the ring mesh
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Figure 1: Structure of the proposed RC model.

sized, the physical ground properties are then used to
calculate the RC parameters:

CST,i = ρscsHbπ(r2i+1 − r2i ) (5a)

RST,i =
ln(

rC,i

rC,i−1
)

2πksHb
(5b)

where cs and ρs are the ground specific capacity and
density, respectively.

Long-term region

The long-term region parameters can be computed
based on a parameter estimation procedure using the
thermal response factor in Equation 1. For an unitary
constant input step, i.e. Q̇bf = 2πksnbHb, the out-
put evolution of the borehole wall response Tb(t)−Ts
is the g-function g(t). This input/output informa-
tion suffices to set up a equation fit procedure using
the model mathematical description in Equation 2,
where the long-term parameters CLT,i and RLT,i are
the free variables to be estimated. To this end, fast
g-functions can be extracted from the pygfunction

Python package (Cimmino, 2018) for any borefield
configuration. Note that this parameter estimation
procedure loses the physical meaning of the tempera-
ture states, in contrast to the short-term model where
the states represent the ground temperatures at dif-
ferent radial distances from the borehole.

Required model order

In this section we present two identification examples
to demonstrate the proposed method and evaluate
the required model order to capture the long-term
dynamics, thereby scaling up in complexity level. A
borefield schematic is shown in Figure 2. The first
borefield BF1 corresponds to a small borefield of 4
single-U boreholes with a distance B of 6 meters be-
tween adjacent boreholes. The second borefield BF2
corresponds to a field of 37 double-U boreholes also
with a distance B of 6 meters between adjacent bore-
holes. The borefields properties are listed in Table 1,
whereas the borehole positions and g-functions are
shown in Figure 3.

Tb

kg     ρg     cgks 
ρs

cs

Hb

DbTbf,in

Tbf,out

rb

rpxp

tp

nb

{ kp

Qf

.

Qbf

.

mbf
.

mb
.

Qb

.B

z

TTs

dTs
dz

Figure 2: Borefield schematic and nomenclature in
correspondance with Table 1

Table 1: Summary of the borefields parameters. For
the symbols, see Figure 2.

Description
Value

Unit
BF1 BF2

Borehole parameters
rb Borehole radius 75 75 mm
Hb Borehole height 125 94 m
Db Borehole burial depth 0 0 m
nb Number of boreholes 4 37 -
Ground parameters

ks Ground conductivity 2.0 1.3 W
mK

cs Ground heat capacity 1200 980 J
kgK

ρs Ground density 1800 1358 kg
m3

Ts Undist. ground temp. 10.0 9.7 ◦C
dTs

dz Geothermal gradient 0.01 0.05
◦C
m

Grout parameters

kg Grout conductivity 1.15 2.35 W
mK

cg Grout heat capacity 800 1550 J
kgK

ρg Grout density 1600 1225 kg
m3

Piping parameters
rp Pipe radius 20 32 mm
kp Pipe conductivity 0.50 0.42 W

mK
tp Pipe thickness 2.0 3.0 mm
xp Pipe spacing 40.0 42.5 mm

To estimate the RC parameters of the long-term part,
the MATLAB System Identification Toolbox (Ljung
and Singh, 2012) is used. The required inputs for
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Figure 3: Borehole distributions and g-functions of
the two example borefields BF1 and BF2.

the identification include the model equations as a
function of the parameters to be estimated and the
identification data-set, which in this case is a pre-
scribed analytical g-function. For linear systems, the
model equations need to be introduced as the system
state-space matrices by using the MATLAB embed-
ded function idgrey.

Using the information in Table 1 and the expressions
in Equations 3, 4 and 5, the thermal resistances and
capacities of the short-term nodes are computed. A
short-term boundary radius rST = B

2 is defined. The
initial guesstimate of the long-term RC parameters
used as input in the parameter estimation procedure
follows the same procedure: a long-term boundary
radius that covers the response for a period τ is as-
sumed using the diffusion length rLT = 3

√
αsτ (Bird

et al., 1960), where αs is the ground thermal diffu-
sivity. The period τ should coincide with the time
range of the g-function used for identification. The
long-term thermal capacities are equally distributed
from the short-term boundary radius to the long-term
boundary radius. The initial guesstimate of the long-
term RC parameters being estimated is also given by
Equations 4 and 5.

One drawback of the System Identification Toolbox
is that it requires the identification set to be intro-
duced using a constant time step. This time step has
to be small enough to capture the short-term dynam-
ics of the borefield system which are not captured by
the short-term region. Thus, due to the combina-
tion of short- and long-term borefield dynamics, this
might lead to large input files. Since the short-term
dynamics are already captured using the first nodes,
we propose a minimum discretization time-step of the

g-function based on the diffusion time ∆τd =
r2ST

9αs
.

The identification is performed using a MATLAB
script that loops through a given short-term nST and
long-term nLT number of discretizations. In each
loop, the model is re-defined and re-parametrized as
a function of the long-term resistances and capac-
ities, and then the MATLAB function greyest is
used to identify them. This function needs the model
parametrized with the parameters to be identified and
the identification data set. The identification data
set consists of one input udata(t) = 2πksHbnb and
one output ydata(t) = g(t). For the identification, it
is assumed a transformation such that Ts = 0 to al-
low the greyest function to initiate the states with
zero values. The g-functions used for identification

are divided in equal steps ∆τd =
r2ST

9αs
until a selected

final time of τ = 25 years, in line with the typical
periods used for borefield design. This leads to two
identification sets with a number of data Ndata of
732 points for the 4 boreholes field and 773 points
for the 37 boreholes field. All other specifications
of the identification are chosen using the greyest

function default values, since these lead to good re-
sults. The parameter estimation minimizes the one-
step ahead prediction error between the measured
(here the identification data set generated by the g-
function) and the predicted outputs. For the reader’s
clarification, the numerical method used for the iter-
ative parameter estimation is a combination of adap-
tive and non-adaptive subspace Gauss-Newton least
squares search, Levenberg-Marquardt least squares
search and steepest descent least squares search tried
in sequence. The first descent direction leading to a
reduction in the prediction error is used. The esti-
mation process stops after reaching a relative toler-
ance of 1% or 20 iterations. The key performance
indicators (KPIs) used to evaluate the identification
performance are:

• the Mean Square Error (MSE =
1

Ndata

∑Ndata

k=1 (ydata,k − yk)2),
• the Normalized Root Mean Squared Error

(NRMSE) expressed as a percentage (Fit =

100 · (1− ||ydata−y||
||ydata−ydata|| ))

where · indicates the (channel-wise) mean and || · ||
the 2-norm of a vector. The (fit) percentage varies
between −∞ and 100 and if equal to zero, then the
model is not better in fitting the measured data than
a straight line equal to the mean of the data. The
identification results are given in Table 2 for the 4
boreholes field (BF1) and Table 3 for the 37 boreholes
field (BF2). The identification procedure is fast, as
the looping script runs in a few seconds. In both
cases, very good fit percentages (>90%) are achieved
for a total number of states nT between 11 and 16,
with a number of short-term states between 6 and
10 and a number of long-term states between 5 and
6. A larger number of states leads to bad results,
probably due to overfitting. It is important not to get
biased by the higher fit percentages observed in the
larger borefield which are explained by the increased
number of used data points. Note that the borehole
wall temperature Tb is being predicted and not the
fluid temperature Tf . The MSE is typically higher
in the larger borefield (BF2) compared to the smaller
one (BF1) and more identifications with negative fit
percentages appear, which indicates a more difficult
identification process. Still, MSE values below 0.1 K2

are obtained. A deeper analysis to understand why
these negative fit percentages appear is left for future
work. The cases with the best identification results,
i.e. lower MSE and higher fit percentage, marked in
bold in Tables 2 and 3, are implemented and validated
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Table 2: Identification results for BF1.
MSE [K2]

nLT

nST 6 7 8 9 10

2 0.0692 0.0691 0.0690 0.0690 0.0690
3 1.3029 2.3323 0.0801 1.1815 1.1188
4 0.0805 0.0907 0.0801 0.0739 1.5917
5 0.0009 0.0009 0.0009 2.2841 0.0009
6 1.7895 0.0009 1.1384 1.2411 0.0015

Fit [%]

nLT

nST 6 7 8 9 10

2 81.05 81.08 81.08 81.09 81.09
3 17.80 -9.98 79.61 21.72 23.83
4 79.57 78.31 79.61 80.43 9.14
5 97.87 97.88 97.88 -8.84 97.89
6 3.66 97.88 23.16 19.77 97.21

Table 3: Identification results for BF2.
MSE [K2]

nLT

nST 6 7 8 9 10

2 0.2521 0.2516 0.2515 0.2514 0.2514
3 0.2614 61.725 60.801 0.2607 0.2607
4 0.2614 0.2610 78.012 0.2502 84.794
5 0.0415 0.0408 0.0404 34.710 40.356
6 0.0134 18.046 4.9027 28.987 26.129

Fit [%]

nLT

nST 6 7 8 9 10

2 87.27 87.28 87.29 87.29 87.29
3 87.04 -99.18 -97.68 87.05 87.06
4 87.04 87.05 -123.9 87.32 -133.5
5 94.83 94.88 94.90 -49.36 -61.05
6 97.07 -7.70 43.87 -36.50 -29.59

in the following Section.

Model validation and comparison

The selected models are validated against the high-
fidel IBPSA borefield model (Laferrière et al., 2020)
which is implemented in Modelica. The IBPSA bore-
field model is divided between the borehole model and
the ground model with the borehole wall serving as
the connection point. All boreholes are lumped into
a single one, hence assuming the same borehole wall
temperature for all of them. The short-term transient
heat transfer inside the boreholes is modeled by di-
viding the borehole vertically in equal segments where
the working fluid is perfectly mixed and the thermal
RC network of Bauer et al. (2011) models the radial
heat transfer. No conductive heat transfer is modeled
between the segments but energy is still exchanged
through advection due to the fluid flow. The long-
term ground temperature changes are modeled us-
ing an improved g-function calculation following the
work of Li et al. (2014), thus accounting for the sur-
rounding ground short-term effects. Therefore, the
time-scales of the ground model are suited for being
directly connected to the short-term borehole model.
The load aggregation algorithm is based on the one
from Claesson and Javed (2012), which results in a
relatively large number of load states. A load resolu-
tion time of 300s is selected. The analytical controller

Figure 4: Cyclic load profiles used for the control-
oriented borefield models validation

model of Cupeiro Figueroa et al. (2020, 2021), which
is based on the IBPSA borefield model but describing
the load shifting algorithm using a continuous formu-
lation, is also included for comparison.

The validation procedure compares the borefield out-
let fluid temperature Tbf,out using a constant mass
flow rate of 0.3 kg/s per borehole ṁb and three valida-
tion data-sets. The proposed long-term RC model is
connected to the same borehole model as the IBPSA
model to calculate the outlet fluid temperature. The
first validation data-set targets the short-term dy-
namics using a daily load profile with hourly vari-
ations for one week. The second validation data-set
uses an unbalanced load with weekly variations for
a period of 25 years to evaluate the long-term dy-
namics. The load is not applied during 4 months per
year. Finally, the third validation data-set compares
the step response, also for a 25 years period. The vali-
dation data-sets are illustrated in Figure 4 in terms of
the step heat input since the errors given in Tables 2
and 3 correspond to this input.

The deviations between the proposed RC model vs
the IBPSA borefield model and the analytical con-
troller model of Cupeiro Figueroa et al. (2020, 2021)
vs the IBPSA borefield model are shown in Figure 5
for the different validation datasets. The proposed
RC model error depends on the fit obtained. The ob-
tained MSEs are 0.0009 K2 and 0.0134 K2 for the 4
boreholes field and the 37 boreholes field respectively.
Both fits are able to capture the long-term dynamics
properly. However, from the short-term validation
set, it can be observed that the 37 boreholes field
short-term error is relatively large, reaching errors of
almost 1 K at the peak load moment. This is con-
firmed when zooming-in in the step response valida-
tion set for the period of one week. Unfortunately, the
MSE indicator is not able to capture the magnitude
of this short-term error since it is calculated for the
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whole g-function identification set which comprises a
period of 25 years. The short-term dynamics were
not properly captured in this case due to the lower
number of short-term states in this model. There-
fore a larger minimum number of short-term states
or a larger short-term radius rST should be enforced.
The error obtained with the analytical formulation
from Cupeiro Figueroa et al. (2020, 2021) is always
minimal, in the order of 10−2 K. However, the num-
ber of states of the analytical model for 25 years rises
to 96 states in both cases, while the proposed RC
models have only 15 states in the 4 boreholes field
and 12 in the 37 boreholes field. An increase of the
error at the end of the considered 25 years period is
observed for both controller models. It is therefore
recommended to use a longer period than the sim-
ulation or operation one to avoid these errors at the
end of the considered period. As a final remark, these
errors are obtained from using load profiles propor-
tional to the step load of 2πksHbnb. Therefore, at-
tention should be paid in undersized borefields or at
peak load moments, where the absolute magnitude of
the error will be higher.
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Figure 5: Validation results of the control-oriented
borefield models (proposed RC model and analytical
model (Cupeiro Figueroa et al., 2020, 2021)): Devi-
ation of the borefield outlet fluid temperature Tbf,out
with respect to the IBPSA borefield model for the dif-
ferent validation sets. Top: validation set I (hourly
variations); middle: validation set II (weekly/sea-
sonal variations); bottom: validation set III (step-
response); left: BF1 (4 boreholes field); right: BF2
(37 boreholes field)

Conclusion

This paper presents a low-order borefield model for
long-term optimal control applications. An RC net-
work is proposed to this end. The methodology de-
scribed divides the RC network in a set of short-
term states whose parameters are calculated using
the ground thermal properties and a set of long-
term states whose parameters are estimated using

the g-function. In the latter the physical meaning
of the states is lost, hence the name semi-physical
model. The methodology is applied to two bore-
field cases, looping through the number of short- and
long-term states. The results show that MSEs below
0.015 K2 are found for a relatively low total num-
ber of states. The validation experiment revealed
that attention should be paid to the short-term dy-
namics since the MSE indicator captures the error
of the g-function over the full time horizon and as a
consequence large short-term dynamic errors in the
fluid temperatures are not detected. Further work
should deal with this issue, starting from investigat-
ing the effect of the selected short-term boundary ra-
dius or completely eliminating the short-term states
and attempting an identification procedure using a
g-function with a lower resolution step.
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